Abstract. The Halphen operator is a third-order operator introduced in [1] and of the form
Introduction
The ordinary differential operator of order n
is called to be a finite-gap operator if it commutes with an ordinary differential operator L m of order m = 0 mod(n). According to the Burchnall-Chaundy lemma [2] , if L n and L m commute, there is a polynomial R(z, w) such that R(L n , L m ) = 0. The polynomial R defines a spectral curve Γ = {(z, w) ∈ C 2 : R(z, w) = 0}.
This spectral curve parameterizes the common eigenfunctions of L n and L m L n ψ = zψ, L m ψ = wψ, P = (z, w) ∈ Γ.
For rank-one operators (i.e. (n, m) = 1), the function ψ and coefficients of the operators can be expressed through theta-function of the Jacobi variety of Γ with the help of Krichever construction [3] (for the case n = 2 see [4] ). If the spectral curve covers an elliptic curve, then the coefficients can be elliptic functions. Famous examples of operators with the elliptic coefficients are the Lamé operator 
where the Weierstrass ℘-function satisfies the equation
Lamé, Halphen and other finite-gap operators with elliptic coefficient have been extensively studied by Picard [5] , Hermite and by many others, please see for instance [6] - [18] and references therein. The Lamé operator commutes with an operator of order 2g + 1, the spectral curve is a hyperelliptic curve of genus g. Grosset and Veselov [18] showed that coefficients of the equation could be expressed through Bernoulli elliptic polynomials.
The Halphen operator commutes with an operator of order 3r + 1 + ǫ for ǫ = 0 or 1 and the spectral curve is a trigonal curve of genus g = 3r + ǫ given by
where deg(F g (z)) = g + 1 and 0 ≤ deg(H g (z) ≤ 2r + 1. This spectral curve for small g was calculated in [14, 15, 16] . In this paper, our main result is to obtain a recursive formula for the equation of the spectral curve of the Halphen operator for all possible g in the equianharmonic case i.e., g 2 = 0. More precisely, Main Theorem. In the equianharmonic case, the spectral curve of the Halphen operator is given by
where H g (z) = 0 and (1). when g = 6M or g = 6M + 3,
(2). when g = 6M − 2 or g = 6M + 1, the function F g (z) is defined by the formula (3.8). Here A j and B k are given in (3.4) and (3.7) respectively. This paper is organized as follows. In section 2, we recall how to factorize finite-gap operators including a finite-gap Schrödnger operator and a finite-gap skew-symmetric operators of third order. In section 3, we will prove our main theorem and list some examples. Some concluding remarks are given in the last section.
2. Factorization of the finite-gap operators 2.1. Baker-Akhiezer function. Let Γ be a Riemann surfaces, q a fixed point on Γ, k −1 local parameter near q and γ 1 + · · · + γ g nonspecial divisor on Γ, where g is a genus of Γ. The Baker-Akhiezer function ψ(x, P ), P ∈ Γ is a unique function which satisfies the following two conditions (see [3] ):
1. In the neighborhood of q it has the form
2. On Γ − {q}, the function ψ is meromorphic with g simple poles γ 1 , . . . , γ g .
For the meromorphic function f (P ) with the unique pole in q, there is a unique differential operator L(f ) such that
For such kinds of functions f (P ) and g(P ), the corresponding operators L f and L g commute.
Let us consider the first order operator vanishing on ψ
The function χ is a meromorphic function on Γ with simple poles P 1 (x), . . . , P g (x) and q. In the neighborhood of q it has the form
.
Schrödinger operator.
Let us recall how to factorize the finite-gap Schrö-dinger operator (see [8] )
S.P. Novikov proved [19] that if the periodic Schrödinger operator commutes with an operator L 2g+1 then it has finite number of gaps in its spectrum (the inverse statement was proved by B.A. Dubrovin [20] ). The spectral curve related to the commuting pair L 2 and L 2g+1 is a hyperelliptic curve
The operator L 2 − z has the following factorization
and Q is a polynomial in z of order g
The function Q satisfies the equation
Furthermore, taking a differentiation on x, and so
It turns out that for the Lamé operator the function Q has the form (see [21] )
where
The spectral curve of the Lamé operator is given by the equation
2.3. Skew-symmetric finite-gap operator of third order. Let us consider a skew-symmetric finite-gap operator
We assume that L 3 commutes with an operator L N of order N = 3r + 1 + ǫ, where ǫ is 0 or 1. The spectral curve related to the pair L 3 and L N is given by
where g = N − 1 and degF g (z) = N and 0 ≤ degH g (z) ≤ 2r + 1. We factorize L 3 − z by
The function χ = χ(x, z) satisfies the equation
In [14] , a remarkable ansatz for χ was considered as follows
where Q 1 and Q 2 are expressed through Q and S given by
Let us remark that Q and S are polynomial in z with coefficients depending on x. When g = 3r, then degQ(z) = r − 1, degS(z) = r.
When g = 3r + 1, then degQ(z) = r, degS(z) = r − 1.
Functions Q and S satisfy the following equations
2)
The function χ has g simple poles P 1 (x), . . . , P g (x) ∈ Γ and a simple pole at infinity. By using Q and S, one could obtain
Theorem 2.2. ([14])
The spectral curve Γ (similar to (2.1)) is
and
The Spectral Curve of the Halphen Operator
Unless otherwise stated, in this section we will assume that the function f (x) is of the form
where ℘(x) is the equianharmonic Weierstrass function given in (1.3) . The corresponding operator L 3 is the Halphen operator (1.2)
3.1. The proof of our main theorem.
3) and eliminating Q(x, z), one can get the equation on S(x, z)
(1). We assume that g = 6M, M = 1, 2, .. or g = 6M + 3, M = 0, 1, .... In this case, our main observation is that for the Halphen operator the function S has the form
In order to find coefficients A r (z), let us substitute (3.2) into (3.1) and obtain
where a r = 108g 3 3 (r − 2)(r − 1)r(8 − 3r)(5 − 3r)(4 − 3r)(3r − 2)(3r − 1);
Thus, it follows from (3.3) that a recursive formula of A r (z) is given by Furthermore, from (2.2) and (2.3), we have
Substituting S(x, z) and Q(x, z) at x = x 0 into (2.4) and (2.5) and using the above identities in (3.6), we obtain H g (z) = 0 and
which is the first part of our main theorem.
(2). We assume that g = 6M − 2 or g = 6M + 1, M = 1, ... In this case, our main observation is the function S being of the form
where B r = 0 for r < 1 and r > M. If g = 6M − 2, we choose A M (z) = const z ;
and if g = 6M + 1, we choose A M (z) = const. By analogy with the above process, we could obtain
and H g (z) = 0 and
2 ) . (3.8)
We thereby complete the proof of our main theorem.
Examples.
To end up this section we give some examples to illustrate the above construction of the spectral curve Γ: w 3 = F g (z), where g = 2 mod(3) is the genus of Γ. S(x, z) = z, Q(x, z) = −5℘(x),
Conclusion
In this paper we have obtained a recursive formula for the spectral curve of the Halphen operator and used this formula to give some examples. This spectral curve w 3 = F g (z) covers the elliptic curve (℘ ′ ) 2 = 4℘ 3 − g 3 , that is to say, we have restricted to the case g 2 = 0. Actually when g 2 = 0, the above process also works, but at this case H g (z) doesn't vanish generally. That is to say, the spectral curve is given by the equation w 3 = wH g (z) + F g (z).
